CLASSIFICATION OF HAMILTONIAN TORUS 
ACTIONS WITH TWO DIMENSIONAL QUOTIENTS 
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Abstract. We construct all possible Hamiltonian torus actions 
, for which all the non-empty reduced spaces are two dimensional 

(and not single points) and the manifold is connected and com- 
pact, or, more generally, the moment map is proper as a map to 
a convex set. This construction completes the classification of tall 
complexity one spaces. 
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1. Introduction 

Fix a torus T = (S*^)*^™"^ with Lie algebra t and dual space t*. Let 
T act on a symplectic manifold {M,u) with moment map M — )■ t*, 
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SO that 

(1.1) L{^M)uJ = -d{^,0 foralUet, 

where is the vector field on M induced by ^. Assume that the T- 
action is faithful (effective) on each connected component of M. We 
call (M, a;,$) a Hamiltonian T-manifold. An isomorphism be- 
tween two Hamiltonian T-manifolds is an equivariant symplectomor- 
phism that respects the moment maps. The complexity of (M, u, $) 
is the difference | dimM— dimT; it is half the dimension of the reduced 
space ^^^{a)/T at a regular value a in $(M). Assume that (M, w, $) 
has complexity one; it is tall if every reduced space $~^(a;)/T is a two 
dimensional topological manifold. If M is connected, T is a convex 
open subset of t* containing $(M), and the map M — )■ T is proper, 
then we call (M, cj, $, T) a complexity one space. For example, if M 
is compact and connected then (M, u, $, t*) is a complexity one space, 
which it is tall exactly if the preimage of each vertex of the moment 
polytope $(M) is a fixed surface; see Corollary 12.41 

In this paper we complete our classification of tall complexity one 
spaces of arbitrary dimension. More precisely, in a previous paper 
|KT03] we defined an invariant of a tall complexity one space called 
the painting, which subsumes two other invariants: the genus and the 
skeleton (see pageH]). We proved that these invariants, together with 
the Duistermaat-Heckman measure, determine the tall complexity one 
space up to isomorphism. In this paper we give a necessary and suffi- 
cient condition for a measure and a painting to arise from a tall com- 
plexity one space. 

Symplectic toric manifolds (see pageH]) serve as extremely important 
examples in symplectic geometry, illuminating many different aspects 
of the field. We hope that the existence theorems of this paper will 
enable complexity one spaces to serve a similar role. These spaces 
are more fiexible than symplectic toric manifolds. For example, in 
a paper-in-progress, the second author uses the methods of |Tol98] to 
show that many complexity one spaces do not admit equivariant Kahler 
structures. Additionally, she constructs an infinite family of symplectic 
forms in a fixed cohomology class which are equivariantly deformation 
equivalent but are not equivariantly isotopic. 

Symplectic toric manifolds are classified by their moment images 
[Delj : see |KL] for the non-compact case. Compact connected non- 
abelian complexity zero actions are determined by their moment im- 
age and the principal isotropy subgroup; this is the Delzant conjecture, 
recently proved in [Knll] and [Losj , following earlier work in Igl IWoo] . 



CLASSIFICATION OF TALL COMPLEXITY ONE SPACES 3 

The simplest complexity one spaces, compact connected symplec- 
tic 2-manifolds with no group action, are classified by their genus 
and total area [Mos] . Four dimensional compact connected complex- 
ity one spaces are classified in |Kar] (also see [AhHat IAu90l IAu91] ): 
see Example 11.71 Similar techniques apply to complexity one non- 
abelian group actions on six manifolds |Chi] and to two-torus actions 
on five dimensional K-contact manifolds |Noz] . From the algebraic geo- 
metric point of view, complexity one actions (of possibly nonabelian 
groups) have been studied in |KKMSl Chapter IV], |Tim96t ITim97j . 
and |AlHt lAlHSt lAlPt I Vol] . Moreover, a complexity one symplectic 
torus action on a compact symplectic manifold is Hamiltonian if and 
only if it has a fixed point |Kim] . 

Work on Hamiltonian circle actions on six manifolds, which have 
complexity two, appeared in jll03l lEOSl IM^ iTbTTOl iGoEl iLiTb] . Fi- 
nally, classification in arbitrary complexity is feasible for "centered 
spaces" ([Dil section 1], |KT05l §2], [KZ]). 

We begin by recalling the invariants of complexity one spaces. 

Let (M, u, $) be a 2n dimensional Hamiltonian T-manifold. Recall 
that the Liouville measure on M is given by integrating the volume 
form u"'/n\ with respect to the symplectic orientation and that the 
Duistermaat-Heckman measure is the push-forward of the Liou- 
ville measure by the moment map. The isotropy representation at x is 
the linear representation of the stabilizer {AGT|A-a: = x}on the 
tangent space T^M. Points in the same orbit have the same stabilizer, 
and their isotropy representations are linearly symplectically isomor- 
phic; this isomorphism class is the isotropy representation of the 
orbit. 

Now assume that (M, u, $) is a tall complexity one Hamiltonian T- 
manifold. An orbit is exceptional if every nearby orbit in the same 
moment fiber $~^(a) has a strictly smaller stabilizer. Let Mexc de- 
note the set of exceptional orbits in M/T, and let M^^^ denote the set 
of exceptional orbits of another tall complexity one space. An iso- 
morphism from Mexc to M^^^ is a homeomorphism that respects the 
moment maps and sends each orbit to an orbit with the same (sta- 
bilizer and) isotropy representation. The skeleton of M is the set 
Mexc C M/T with its induced topology, with each orbit labeled by 
its isotropy representation, and with the map $: Mexc t* that is 
induced from the moment map. 

The next proposition is a slight modification of Proposition 2.2 of 
|KT03] : see Remark O) 
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Proposition 1.2. Let (M, w, $,T) be a tall complexity one space. 
There exists a closed oriented surface S and a map f : M/T — )► S 
so that 

($, /) : M/T (image $) x S 
is a homeomorphism and the restriction /: ^~^{a)/T — )■ S is orienta- 
tion preserving for each a G image $. Here, $ is induced by the mo- 
ment map. Given two such maps f and f, there exists an orientation 
preserving homeomorphism S' — t- S so that f is homotopic to C, o f 
through maps which induce homeomorphisms M/T — (image $) x S. 

The genus of a tall complexity one space {M,uj, $, T) is the genus 
of the surface $"^(a)/T for a G image $. By Proposition II ■2[ it is well 
defined. A painting is a map / from Mexc to a closed oriented surface 
S such that the map 

($,/): Mexc ^TxS 

is one-to-one, where Mexc is the set of exceptional orbits. Two paint- 
ings, /: Mexc S and /': M^^^ — t- S', are equivalent if there exist 
an isomorphism i : M^^^ — )■ Mexc and an orientation preserving homeo- 
morphism ,^ : S' — )■ S such that f o i: M'^^^ — )■ S and ^ o /' : M^^^ — )■ S 
are homotopic through paintings. Proposition 11.21 implies that there 
is a well-defined equivalence class of paintings associated to every tall 
complexity one space; just restrict / to Mexc- 

Remark 1.3. The notion of a painting is simplest when $: Mexc t* is 
one-to-one, as in Examples II. Ill and ll.l2[ In this case, every map from 
Mexc to a closed oriented surface S is a painting, and two paintings 
/: Mexc — ^ S and /': Mexc — ^ S' are equivalent exactly if there exists 
an orientation preserving homeomorphism ^ : S' — S such that / and 
^ o /' are homotopic. 

In the next two examples, we construct complexity one spaces out of 
symplectic toric manifolds, i.e., compact connected complexity zero 
Hamiltonian (5'^)"-manifolds. The moment image of a symplectic toric 
manifold is a Delzant polytope; see Remark ll.181 In fact, every Delzant 
polytope occurs as the moment image of a symplectic toric manifold, 
and this manifold is unique up to equivariant symplectomorphism |Del] . 

Example 1.4. Let (M, w, ip) be a symplectic toric manifold with moment 
image A = iIj{M) C M". The moment map induces a homeomorphism 
ii: M/{S^Y A. Moreover, given X G A, let be the smallest 
face of A containing x. The stabilizer of the preimage %l)~^{x) is the 
connected subgroup C (S*^)" with Lie algebra 

f), = {e G M" - = for all y,ze FJ. 
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Let $: M — )■ M"~^ be the composition of the moment map ip with 
the projection 7r(xi, . . . , x„) = (xi, . . . , Xn-i)- Then (M, $, M"^-*^) is 
a complexity one space for the subtorus (S"^)""^ C (S*^)". It is tall 
exactly if 

(1-5) Aceiling n Afioor = 0, 

where 

Acciiing = {a^ G A I x„ > x'„ for all x' G 7r^^(7r(x))} and 

Afioor = {a; £ A I x„ < for all x E 7r"^(7r(x))} . 

Assume that fll.Sp holds. 

For X G A such that 7r(x) is in the interior of 7r(A), the preimage 
iIj~^{x) is exceptional exactly if its {S^)"'~^ stabilizer, fl {S^)^~^, is 
non-trivial. (This always occur^ if dimF^^ < n — 1.) The skeleton 
Mexc is the closure of the set of such orbits. The genus of (M, co, $) 
is zero. The equivalence class of paintings associated to M includes 
the paintings that are constant on each component of Mexc- Finally, 
the Duistermaat-Heckman measure is the push- forward to R"~^ of 
Lebesgue measure on A. 

Example 1.6. Let P — )■ S be a principal (S"^)" bundle over a closed 
oriented surface S of genus g with first Chern class Ci(P) G Z"), 
and let be a symplectic toric manifold with moment map tp: N ^ 
M". There exists a T- invariant symplectic form u on M := P N 
whose restriction to the fibers is the symplectic form on N; the moment 
map $ : M — )■ MJ^ is given by n]) = ?/'(n). See [GLSj . In this case, 
{M,u, $,M") is a tall complexity space of genus g, Mgxc = 0, and the 
Duistermaat-Heckman measure of (M, oj, $) is Lebesgue measure on A 
times an affine function with slope Ci(P). 

Example 1.7. In [Karj . Karshon showed that a Hamiltonian circle ac- 
tion on a compact, connected symplectic four- manifold M is deter- 
mined up to isomorphism by the following labelled graph: The vertices 
correspond to connected components of the fixed point set; each ver- 
tex is labelled by its moment map value, and - if the corresponding 

1 More generally, D (S^)"'^ is trivial exactly if 7r(Z" n TF^) = Z"-\ where 
TF^ = t)° = {X{y - z) I A e R and y, z e F^}. To see this, note that 7r(Z" nTF^) = 
Z"~^ exactly if every character of (5^)"^^ is the restriction of a character of (5^)" 
that vanishes on H^- If D (S"^)"^^ is not trivial, then there are characters of 
{S^)^~^ that don't vanish on fl and these can't be the restrictions of 

characters that vanish on Hx- On the other hand, if Hxr\{S^)'^~^ = {!}, then either 
Hx = {1} or (S*-^)" Hx X (5'^)""^. In either case, every character of (S*^)""-^ is 
the restriction of a character of {S^)" that vanishes on Hx- 
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component is a two-dimensional fixed surface - tlie genus and area of 
that surface. The edges correspond to two spheres in M that the circle 
rotates at speed A; > 1; such an edge is labelled by the integer k. 

The space M is tall exactly if the minimum and maximum of the 
moment map are attained along two dimensional fixed surfaces; see 
Corollary 12.41 It is fairly straightforward to check that in this case the 
invariants that we describe in this paper determine, and are determined 
by, the labelled graph described above. In particular, the moment map 
identifies each component of the skeleton with an interval, and so every 
painting is trivial, i.e., equivalent to a painting that is locally constant. 

By Theorem 1 of |KT03] . the invariants that we have defined com- 
pletely determine the tall complexity one space: 

Theorem 1.8 (Global uniqueness). Let (M, w, $, T) and (M', w', T) 
he tall complexity one spaces. They are isomorphic if and only if they 
have the same moment imag^ and Duistermaat-Heckman measure, the 
same genus, and equivalent paintings. 

Remark 1.9. In our definition of "equivalent paintings", we require 
the homeomorphism ^ to be orientation preserving. This requirement, 
which is necessary for Theorem 11.81 to be true, was mistakenly omitted 
from |KT03t p. 29]. Similarly, Definition II . 161 of the current paper is the 
correction to Definition 18.1 of |KT03j . Finally, both |KT03l Proposi- 
tion 2.2] and its smooth analogue, |KT03t Lemma 18.4], should state 
that /|<i>-i(a)/T and ^ are orientation preserving. The maps that are 
obtained in the proofs of these propositions in |KT03] do satisfy this 
additional requirement. 

Before stating our most general existence theorem. Theorem [3], we 
give two existence theorems - Theorems [1] and [2] - that are easier to 
state and simpler to apply but are sufficient for constructing interesting 
examples. These two theorems are actually consequences of the most 
general theorem; all three are proved in Section [TOl cf. Remark ll.lOi 

The simplest existence theorem. We now state our first existence 
theorem, which shows that - given a tall complexity one space - we 
can find another tall complexity one space with an isomorphic skeleton 
(and the same Duistermaat-Heckman measure) but a different genus 
and painting. 



Since the moment image is the support of the Duistermaat-Heckman mea- 
sure, we could omit the condition that the spaces have the same moment image. 
Nevertheless, we will sometimes include this condition for emphasis. 
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Theorem 1. Let {M,u, $,T) be a tall complexity one space. Let S be 
a closed oriented surface, and let f : M^xc — ?■ S 6e any painting. Then 
there exists a tall complexity one space (M', w', T) with the same 
moment image and Duistermaat-Heckman measure whose painting is 
equivalent to f . 

Remark 1.10. The special case of Theorem [1] where the genus of S is 
equal to the genus of M is easier to prove than the general case; see 
Theorem 16.11 

Example 1.11. Let (M, u, ip) be a six-dimensional symplectic toric man- 
ifold with moment image 

A = {{x,y,z) G [-3,3] X [-2,2] x [1,4] | |x| < ;z and \y\ < z}. 

Let $ : M — 7- be the composition of ip: M — )■ M'^ with the projection 
{x,y,z) i-> {x,y). Then (M, cj, $,M^) is a tall complexity one space, 
and $ induces a homeomorphism from the skeleton M^xc to the set 

$(Mexc) = {ix,y) G I |x| < \y\ = 1, or \y\ < \x\ = 1, 

or 1 < |x| = \y\ < 2}; 

thus, Mexc is homotopy equivalent to S^. (See Example 11.41 ) 

Fix a closed oriented surface S. Let [5*^,2] denote the set of ho- 
motopy classes of loops in S. By Remark II. 3[ there is a one-to-one 
correspondence between equivalence classes of paintings Mcxc — > S and 
the quotient of [S^, S] by the action of the group Aut(S) of orientation 
preserving homeomorphisms of S. If S has genus zero, then since S 
is simply connected any two paintings are equivalent. In contrast, if 
S has positive genus, then the quotient of [5'^,S] by Aut(S) is infi- 
nite. For example, if S has genus one, then this quotient is naturally 
isomorphic to the set of non-negative integers. 

Therefore, if g = then Theorem 11.81 implies that every tall com- 
plexity one space of genus g whose skeleton is isomorphic to Mexc and 
whose Duistermaat-Heckman measure is equal to that of (M, u, $) is 
isomorphic to {M,u, In contrast, if g > then Theorems 11.81 and ID 
imply that there exist infinitely many non-isomorphic tall complexity 
one spaces with these properties. 

Example 1.12. Fix an integer n > 1. Let {M,u,ijj) be a {2n + 4)- 
dimensional symplectic toric manifold with moment image 

A' = { (a;, yi, . . . , yn, z) G [-3, 3] x [-2, 2f x [1, 4] | 

|x| < z and \yi\ < z for alH = 1, . . . , j. 
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Figure 1 . Moment image and skeleton for Example 11.111 

Composing the moment map with the projection {x,yi, . . . , i/n, z) i— )■ 
(x, Hi, ... , Un), we obtain a tall complexity one space (M, u, M""*"^) 
such that Mexc is homotopy equivalent to S"' and $: Mexc — ^ M"^^ is 
one-to-one. Moreover, the group of orientation preserving homeomor- 
phisms acts trivially on the set [5", S] of homotopy classes of maps 
from S"' to S if S is an oriented surface of genus 0, while [5*", S] itself 
is trivial if S has positive genus. Therefore, if > then Theorem 11.81 
implies that every complexity one space of genus g whose skeleton is 
isomorphic to Mexc and whose Duistermaat-Heckman measure is equal 
to that of (M, a;, $) is isomorphic to (M, 0;,$). In contrast, if g = 
then Theorems 11.81 and [T] give a bijection between the set of isomor- 
phism classes of tall complexity one spaces with these properties and 
the set [S'"',5'^]. Thus, there are infinitely many non- isomorphic such 
spaces if n = 2 or = 3. 




Figure 2. Moment image and skeleton for Example 11.121 
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The intermediate existence theorem. Our second existence the- 
orem, Theorem [21 allows us to construct complexity one spaces with 
prescribed painting and moment image, even when the skeleton does 
not a-priori come from a complexity one space. To state this theo- 
rem, we need an abstract notion of "skeleton" . To apply this theorem, 
one must check that the skeleton and moment image satisfy certain 
conditions. These conditions are automatically satisfied whenever the 
the skeleton and moment image can be obtained from complexity one 
spaces over sufficiently small open sets in t*; see Lemma [7.4[ This al- 
lows us to construct new examples by performing surgery that attaches 
pieces of different complexity one manifolds. Such surgeries were car- 
ried out in |Tol98t[Mor] : this theorem gives a systematic way to perform 
such surgeries. 

Definition 1.13. A tall skeleton over an open subset T of t* is a 
topological space S whose points are labeled by (equivalence classes 
of) representations of subgroups of T, together with a proper map 
TT : S* — 7- T. This data must be locally modeled on the set of exceptional 
orbits of a tall complexity one space in the following sense. For each 
point s & S, there exists a tall complexity one Hamiltonian T-manifold 
(M, u, $) with exceptional orbits Mexc C M/T, and a homeomorphism 
from a neighbourhood of s to an open subset of Mexc that respects 
the labels and such that $o\l/ = tt, where $: Mexc ~^ t* is induced from 
the moment map. An isomorphism between tall skeletons (5", vr') and 
{S, it) is a homeomorphism i: S" — )■ S* that sends each point to a point 
with the same isotropy representation and such that tt' = tt o i; cf. 
[KT031 p. 72]. 

Remark 1.14. In |KT03l Definition 16.1] we called this notion "skele- 
ton". Here we added the adjective "tall" in order to later allow for 
skeletons that are not tall. 

Example 1.15. If {M,ijj,^,T) is a tall complexity one space, the set 
Mexc, labeled with the isotropy representations, together with the map 
$ that is induced by the moment map, is a tall skeleton over T; see 
Lemma I7.2[ 

Definition 1.16. Let (5, tt) be a tall skeleton over an open set T C t* 
and let S be a closed oriented surface. A painting is a map / : 5 — t- S 
such that the map (vr, /) : S* — i- T x S is one-to-one. Paintings f : S ^ 
S and f : S' — )■ E' are equivalent if there exists an isomorphism 
i: S' ^ S and an orientation preserving homeomorphism ^ : E' — )■ E 
such that f o i : S' ^ T, and ^ o /' : S" — )■ E are homotopic through 
paintings. 
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The notions of painting and of equivalence of paintings given in Def- 
inition 11.161 are consistent with our earher definitions, which only ap- 
plied to the special case {S, vr) = (Mexc, 

Let £ denote the integral lattice in t and i* the weight lattice in t*. 
Thus, £ = ker(exp : t — )■ T) and i* = Hom(T, S^). Here, the Lie algebra 
of is identified with M by setting the exponential map M — )■ S*^ to 
be t I— )■ e^'^**. Let M+ denote the set of non- negative numbers. 

Definition 1.17. A subset C C t* is a Delzant con^ at a G t* if 

there exist an integer < k < n and a linear isomorphism A: M" — )■ t* 
that sends onto the weight lattice £*, such that 

C = a + A{R'l_ X R"-'^). 

Let T be an open subset of t*. A subset A C T is a Delzant subset 
if it is closed in T and if for every point a G A there exist a neighbour- 
hood U G T and a Delzant cone C at a such that An U = C (lU. 

Remark 1.18. A compact convex set A C t* is a Delzant subset exactly 
if it is a Delzant polytope, i.e., a convex polytope such that at each 
vertex the edge vectors are generated by a basis to the lattice. 

Remark 1.19. If A is a Delzant subset of a convex open subset T C t* 
then, by the Tietze-Nakajima theorem |Tiet INak] . A is convex exactly 
if it is connected; see |BjKa| . 

Definition 1.20. The moment cone corresponding to a point s in 
a tall skeleton {S, n) is the cone 

Cs := vr(s) + (imaged,) in f, 

where the label associated to s is a linear symplectic representation 
of the subgroup H of T with quadratic moment map $s, and where 
in'- ^* is the natural projection map. It is straightforward to 

check that Cg is the moment image of the complexity one model cor- 
responding to s] see Definition II. 22[ 

Definition 1.21. Let T be an open subset of t*. A Delzant subset 
A of T and a tall skeleton {S, vr) over T are compatible if for every 
point s G 5 there exists a neighbourhood U of tt{s) in T such that 
U D A = U n Cs, where Cs is the moment cone corresponding to s. 

Let (M, cu, $,T) be a tall complexity one space. Then its moment 
map image is a convex Delzant subset of T that is compatible with 
the skeleton (Mexc,$); see Lemma [7.4[ Our next theorem shows that 
this compatibility condition is also sufficient for a subset of T and a 
painting to arise from a complexity one space. 



Such a set is also called a "unimodular cone" . 
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Theorem 2. Let {S, vr) be a tall skeleton over a convex open subset 
T C t*. Let A G T be a convex Delzant subset that is compatible 
with (S*, vr). Let H be a closed oriented surface, and let f : S ^ be 
a painting. Then there exists a tall complexity one space (M, u, $, T) 
with moment map image A whose associated painting is equivalent to f . 

The most general existence theorem. Our final existence theorem, 
Theorem [3l provides a complete list of all the possible values of the 
invariants of tall complexity one spaces. Together with Theorem II. 8[ 
this gives a complete classification of tall complexity one spaces. 

The Duistermaat-Heckman function of a Hamiltonian T-manifold 
is a real valued function on the moment image whose product with 
Lebesgue measure is equal to the Duistermaat-Heckman measure. If 
such a function exists, then it is almost unique; any two such functions 
are equal almost everywhere. When we say that the Duistermaat- 
Heckman function of a Hamiltonian T-manifold has some property 
(e.g., continuity), we mean that this holds after possibly changing the 
function on a set of measure zero. Here, we normalize Lebesgue mea- 
sure on i* such that the volume of the quotient t* /£* is one. 

A function p: t* — )■ M is integral afRne if it has the form 

p(x) = {x,A) + B, 

where A is an element of the integral lattice £ C t, where i? G M, 
and where (■, ■) is the pairing between t* and t. The Duistermaat- 
Heckman theorem implies that the Duistermaat-Heckman function of 
a complexity one space with no exceptional orbits is integral affine. 

Once and for all, fix an inner product on t. Let a closed subgroup 
H G T act on C" as a subgroup of (S*^)" with quadratic moment map 
^H- C" — )• [)*. Let [)° C t* be the annihilator of the Lie algebra [), and 
consider the model 

y = txhC"x f)°, 

where [ta, z, v] = [t, az, v] for all (t, z,v) G T x C" x f)° and a G H. 
There exists a T invariant symplectic form on Y with moment map 

$y([t,2;,z/]) =a + ^H{.z) + v, 

where a G i* and where we use the inner product to embed f)* in t*. 
The isotropy representation of the orbit {[t, 0, 0]} determines the model 
up to permutation of the coordinates in C". If dimT = | dimF — 1, 
or, equivalently, n = h + 1 where h = dim if, we call the space Y a 
complexity one model. 
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Definition 1.22. Given a point s in a tall skeleton S, the correspond- 
ing model is the model Y = T C^+^ x ()° such that s is labeled by 
the isotropy representation of {[t, 0, 0]} in Y. 

Such a model exists and is unique up to permutation of the coordi- 
nates in C^+^. Moreover, by Corollary I2.5[ the corresponding model is 
always tall. 

Let y be a tall complexity one model. In Section [8] we define the 
Duistermaat-Heckman functions for truncations of the model. (In fact, 
such functions are the Duistermaat-Heckman functions of compact 
spaces that are obtained from Y by extending the action to a toric 
action, choosing a subcircle that is complementary to the original ac- 
tion, and taking a symplectic cut with respect to this circle.) 

Definition 1.23. Let {S,tt) be a tall skeleton over an open subset T 
of t*. Let A C T be a convex Delzant subset that is compatible with 
{S,7i). Fix a point a E A. A function p: A — >■ R>o is compatible 
with (S,7r) at the point a; G A if there exist for each s G TT^^{a) 
a Duistermaat-Heckman function for a truncation of the tall com- 
plexity one model associated to s such that the difference 



is integral affine on some neighbourhood of a in A. (In particular, if 
7T^^{a) is empty, then the condition is that p itself be integral affine 
near a.) The function p is compatible with (S, tt) if it is compatible 
with {S, it) at every a G A. 

Remark 1.25. The above notion of "compatible" is in fact well defined; 
moreover, the difference between any two compatible functions is inte- 
gral affine near a. To see this, let [S, tt) be a tall skeleton over T; fix 
a & T. The preimage 7i~^{a) C 5* is finite; see Corollary 12. 61 Thus, the 
summation in fll.24p is finite. By Corollary I8.22[ for each s G 7T^^{a), 
there exists a Duistermaat-Heckman function pg for a truncation of the 
tall complexity one model Yg associated to s; moreover, ps is defined 
on a neighborhood of a in image . By Definitions 11.201 and II. 21^ 
the moment cone Cg = image coincides with A near a for all 
s G 7r~^(a). Thus, the function in fll.24p is defined on a neighbour- 
hood of a in A. Finally, if both ps and p'^ are Duistermaat-Heckman 
functions for truncations of the model Yg, then by Corollary 18.231 there 
exists a neighbourhood of a in C^, hence in A, on which the difference 
Ps — p'g coincides with an integral affine function. 



(1.24) 




Ps 
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The Duistermaat-Heckman function of a tall complexity one space 
is compatible with the skeleton; see Proposition 19.21 Our final theorem 
shows that this compatibility condition is also sufficient for a function, 
a subset of T, and a painting to arise from a complexity one space. 

Theorem 3 (Global existence). Let {S,n) be a tall skeleton over a 
convex open subset T C t*, let A G T be a convex Delzant subset 
that is compatible with {S,tt), and let p: A ^ M>o be a function that 
is compatible with {S,it). Let be a closed oriented surface, and let 
f : S ^ H be a painting. Then there exists a tall complexity one space 
over T with moment image A and Duistermaat-Heckman function p 
whose painting is equivalent to f . 

Section [2] contains some general facts about complexity one spaces. 
The remainder of the paper is divided into two parts. Sections [3] 
through [6] constitute Part I of the paper and lead to Theorem 16.11 
This is a reconstruction theorem in the sense that we take a tall com- 
plexity one space, break it into pieces, and glue the pieces together so 
as to obtain a new complexity one space. In Section [3], we prove some 
facts about the cohomology of spaces that are locally modeled on the 
quotients of complexity one spaces. In Section HI we glue local pieces 
of complexity one spaces as T-manifolds. In section 0, we show how to 
arrange that the symplectic forms on these local pieces will agree on 
their overlaps. In Section [6l we use the technology developed so far and 
a crucial technical result from our previous paper |KT03t Prop. 20.1] 
to prove Theorem 16.11 Sections [7] through [10] constitute Part II of the 
paper. In Section [7] we show that the moment map image and skele- 
ton of a tall complexity one space satisfy our compatibility conditions. 
In Section M we use technical results from Section [S] to show that the 
Duistermaat-Heckman measure of a complexity one space is compatible 
with its skeleton, and we give a local existence theorem: any compati- 
ble data locally comes from a complexity one space. Finally, in Section 
[T0| we combine these results with a variant of the reconstruction the- 
orem from Section [6] to prove the main existence theorems: Theorems 
[HEl and El 

2. Basic properties of complexity one spaces 

In this section we recall the local normal form theorem and the con- 
vexity package, and analyze some of their basic consequences for com- 
plexity one Hamiltonian torus actions. 

Local normal form theorem. 
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For every orbit x in a Hamiltonian T-manifold M there is a corre- 
sponding model y = T X C" X fi° such that the isotropy representa- 
tion of the orbit {[t, 0, 0]} is the same as that of x. The local normal 
form for Hamiltonian torus actions asserts that there exists an 
equivariant symplectomorphism from an invariant neighbourhood of x 
in M to an invariant open subset of Y that carries x to {[t, 0, 0]}; see 
pSSillMi?] . 

Convexity package. 

Let (M, $) be a connected Hamiltonian T-manifold. Suppose that 
there exists a convex open subset T of t* that contains $(M) and such 
that $: M — )■ T is proper. Then we have the following convexity 
package. 

Convexity: The moment map image, $(M), is convex. 
Connectedness: The moment fiber, $~^(q;), is connected for all 
aeT. 

Stability: As a map to $(M), the moment map is open. 

These three properties also hold for the moment map of a local model. 
Note that together the three properties imply that the moment map 
preimage of every convex set is connected. Moreover, by convexity, 
stability, and the local normal form theorem, A := $(M) is a convex 
polyhedral subset of T whose faces have rational slopes. 

For the compact case, see |Ati] . |GS82] . and |Sja[ Theorem 6.5]; also 



see |LeTo] . For convexity and connectedness in the case of proper 
moment maps to open convex sets, see |LMTW] . Stability then follows 
from the local normal form theorem and stability for local models; see 
Sja, Theorem 5.4 and Example 5.5]. Also see |BjKa section 7]. 



Remark 2.1. In the situation described above, the set of a in A such 
that the reduced space $^^(«)/T is a single point is a union of closed 
faces of A. To see this, fix a point x G A and let Fx be the smallest 
(closed) face containing x. The preimage Mp^ = ^~^{Fx) is a symplec- 
tic manifold with a Hamiltonian T action. (This follows from the local 
normal form theorem, which we will henceforth use without comment.) 
Moreover, since is convex, Mp^ is connected. By stability, the sub- 
group that acts trivally on Mp^ has Lie algebra {TF^Y = G t | 
{{y — z),^) =0 for all y, z E F^}. Moreover, if we assume that ^~^{x) 
is a single orbit, then stability implies that dimM^^ = 2dimFa,. Be- 
cause the moment map level sets of M are connected, this implies that 
the level sets over F^ are single orbits, as required. 



Some consequences. 
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In order to apply these theorems to complexity one spaces, we now 
analyze complexity one models. 

Lemma 2.2. Let Y = T C^^^ x l)^ be a complexity one model with 
moment map $y([t, z, u]) = a + ^h{z) + i^- 

• If the moment map $y is proper, then the level set ^y^^a) 
consists of a single orbit. 

• If the moment map $y is not proper, then there exists a home- 
omorphism 

(2.3) Y/T (imagery) x C 

whose first component is induced from the moment map and 
whose second component takes the set of exceptional orbits to 
zero. 

Moreover, the map (12. 3p carries the symplectic orientation of the smooth 
part of each reduced space to the complex orientation of C 

Proof. The first assertion follows from the formula for $y and the fact 
that is quadratic, hence homogeneous. For the second assertion, 
see |KTOH Lemma 6.2], and see |KT01l Definition 8.2] and the sentence 
that follows it. □ 

Corollary 2.4 (Short/tall dichotomy). Let (M, w,$,T) be a complex- 
ity one space with moment image A = image $. A nonempty reduced 
space $~^(a)/T is either a connected two dimensional oriented topo- 
logical manifold or a single point. The set of a where the latter occurs 
is a union of closed faces of A. 

Proof. By Lemma 12.21 and the local normal form theorem there exists 
an open set U C M/T such that, for each a G A, the intersection 
$^^(a)/T n f/ is a two dimensional oriented topological manifold, and 
its complement in $~^(q;)/T is discrete. Hence, by the connectedness of 
the level sets, every non-empty reduced space either consists of a single 
point or is a connected two dimensional oriented topological manifold. 
The last claim follows from Remark 12.11 □ 

By Corollary 12.41 we can use the following fact to understand Ataii. 

Corollary 2.5. In a tall complexity one Hamiltonian T -manifold, the 
corresponding local models are tall. 

Proof. By Lemma [221 a complexity one model Y is tall exactly if there 
exists a neighbourhood of {\t, 0, 0]} in F that is tall. Hence, the claim 
follows immediately from the local normal form theorem. □ 
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Corollary 2.6. Let {S, vr) be a tall skeleton over an open subset T of 
t*. Then 7r~^(a;) is finite for every a E T. 

Proof. Let s be a point in S and let Y = T Xh C^'^^ x f)° be the corre- 
sponding complexity one model, which is tall by Corollary 12.51 By the 
local normal form theorem and Lemma 12.21 there exists a neighbour- 
hood of s in whose intersection with 7r~^{a) consists of the single 
element set {s}. The result then follows from the properness of vr. □ 

Part I: Reconstruction 
3. Topology of complexity one quotients 

In this section, we prove two results about the topology of complexity 
one quotients which we will need in order to prove the main propositions 
in Sections H] and [51 For future reference, whenever possible we will 
allow complexity one spaces that are not tall. 

For a topological space X and a presheaf S of abelian groups on X, 
we let H^{X,S) denote the Cech cohomology of S. If X is paracom- 
paclQ, this agrees with the Cech cohomology H^XjS'^) of the sheafifi- 
cation of S and with the sheaf cohomology H'^{X, S~^) of that is 
defined through derived functors. Voit Theoreme 5.10.1 et le CoroUaire 
de Theoreme 5.10.2 de |Godl chapitre II]. 

Consider a continuous map of topological spaces, $ : Q — )■ -B. Given 
an abelian group A and a non- negative integer i, define a presheaf 
on B by 

H\{U) = H'{^'\uy, A) for each open set U C B. 

Note that "^^(0) = {0}. This presheaf is the push-forward by $: Q — )■ 
B of the presheaf on Q that associates to each open set W C Q the 
group H^{W] A). In general, neither presheaf is a sheaf. 

Proposition 3.1. Let Q be a topological space, T be an open subset 
oft*, and ^: Q ^ T be a continuous map such that A = image $ 
is convex. Assume that for every point in T there exists a convex 
neighbourhood U in T , a complexity one space {Mu,uu,^u,U), and 

a homeomorphism from $ (U) to Mu/T that carries ^\q,-'^(^u^ io the 

map ^u'- Mu/T — )■ U induced by Then for any abelian group A, 

H\r,H\) = H\T,H\) =Q foralli>0. 



We adopt the convention that, by definition, every paracompact space is 
Hausdorff. 
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Moreover, if at least one of the spaces Mu is not tall, then 

Proof. We first show that Q is paracompact. Let Q2J be an arbitrary 
open covering of Q. There exists a locally finite covering z/ of T by 
open balls such that every B ^ u, the preimage $ (B) of the closure 
i? of -B is compact. For each B G u, let Wb C 2IJ be a finite subset 
that covers $ (B); then 

U {wnf-\B) I w^Wb} 

is a locally finite open refinement of Q2J that covers Q. 

The map $: Q — A C T induces presheaves on A and T. 
Moreover, since l-i\{U) = W^{U fl A) for all open f/ C T, we have 

W (r, n\) = W (A, V.\) for all i and j. 

Let ("H;^)^ denote the sheafification of the presheaf l-L^ on A. Be- 
cause the Cech cohomology of a presheaf on a paracompact space is 
equal to that of its sheafification, it is enough to prove that 

W (A, = H' (A, = for alH > 

and that, if at least one of the spaces Mjj is not tall, then 

Assume first that all of the complexity one spaces Mu are tall. By 
Proposition ll.2l this implies that for every point in T there exists a con- 
vex neighbourhood ?7 in T, a surface S, and a function / : $ (f/) — )■ S, 
such that 

($,/): $"\f/) ^ (Ant/) X S 

is a homeomorphism. Hence, (H^)^ is a constant sheaf and (^'Ji)''' is a 
locally constant sheaf for all j > 0. Since A is convex, it is contractible; 
thus H'{A, {n{)+) = {0} for all j and all i > 0. 

Next, assume that at least one of the complexity one spaces Mu is not 
tall. Let Ataii denote the set of a G A such that $ (a) is a connected 
two dimensional oriented topological manifold; let Aghort = A \ A^aii. 
Corollary 12.41 implies that Ataii is open in A and <l> (a) is a single 
point for all a G Aghort- 

By assumption, for every point in T there exists a convex neigh- 
bourhood U, a complexity one space {Mu,uu,^i/,U), and a home- 
omorphism from $ (U) to Mu/T that carries '^'L-i/m to the map 
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$(/: MjjjT — > U induced by $(7. In fact, the convexity package im- 
plies that the preimage (^^^{V) is connected for any convex subset 
V dU; see page [HI Hence, the neighbourhood U can be chosen to be 
arbitrarily small. 

In particular, every a G A has arbitrarily small neighbourhoods 
whose pre- images in Q are connected. Hence, (7/^)^ is a constant 
sheaf. Since A is convex, this implies that -ff*(A, (T^^^)^) = for all 
i > 0. 

The following result is proved in [KTOlt Lemma 5.7]: 

Let (M, $, t/) be a complexity one space. Suppose 
that $~^(a) consists of a single orbit. Then every neigh- 
(3 2) bourhood of a contains a smaller neighbourhood V such 
that the quotient ^^^(y)/T is contractible. Moreover, 
every regular non-empty symplectic quotient ^~^{y)/T 
in ^~^{V)/T is homeomorphic to a 2-sphere. 

By Proposition 11.21 the genus of the reduced space is locally con- 
stant on Ataii. Hence, since regular values are dense, fl3.2p implies 
that this genus is zero for all two dimensional reduced spaces over a 
neighbourhood of Aghort- Since A is connected and Aghort is not empty, 
this implies that every two dimensional reduced space has genus zero. 
Hence, by Proposition ll.2l and (13. 2p . {'H\)~^ is the zero sheaf. Therefore, 
H'{A,{n\)+) =Ofor alH>0. 

Finally, consider a global section 7 G H°{A,{n\y). By IK2\i . 
the support of 7 is a subset of Ataii- Therefore, since the restric- 
tion of {'H\)^ to Ataii is a locally constant sheaf by Proposition II. 2[ 
the support of 7 is an open and closed subset of Ataii. Since A is 
connected and Aghort is non-empty, this implies that 7 = 0. Thus, 
^o(A,(Hi)+) =0. □ 

Proposition 3.3. Let {M,u),^,T) be a complexity one space. The 
restriction map H'^^M/T^'Z) — > if^($~-'^(?/)/T; Z) is one-to-one for 
each y G image 

Proof. If the complexity one space is tall, this proposition is an im- 
mediate consequence of Proposition 11.21 So assume that it is not tall. 
Let $: M/T — )• T be the map induced by $. Then there is the Leray 
spectral sequence converging to H*{M/T; Z) with 



see [Godl chap. II, Thm. 4.17.1]. By Proposition 13.11 i?2'"' = ^ 
and j such that i + j = 2. Consequently, H^{M/T; Z) = 0. □ 
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4. Lifting from the quotient 

An important step in gluing together local pieces of complexity one 
spaces is to glue them together as T-manifolds. To carry this out, 
which we will do in this section, we need a notion of diffeomorphisms 
of quotient spaces. 

Let a compact torus T act on a manifold N. The quotient N/T 
can be given a natural differential structure, consisting of the sheaf of 
real-valued functions whose pullbacks to are smoothjl We say that 
a map h: N/T — )■ N'/T is smooth if it pulls back smooth functions 
to smooth functions; it is a diffeomorphism if it is smooth and has 
a smooth inverse. If and A^' are oriented, the choice of an orien- 
tation on T determines orientations on the smooth part of N/T and 
N'/T. Whether or not a diffeomorphism /: N/T — > N'/T preserves 
orientation is independent of this choice. 

We now recall several definitions from |KT01j . 

Definition 4.1. Let a torus T act on oriented manifolds M and M' 
with T-invariant maps $ : M — )• t* and $' : M' — )■ t*. A $-T-diffeomorphism 
from (M, $) to (M', $') is an orientation preserving equivariant diffeo- 
morphism /: M — )■ M' that satisfies $' o / = $. 

Definition 4.2. Let (M, u, $, T) and (M', u', T) be complexity one 
Hamiltonian T-manifolds. A ^-diffeomorphism from M/T to M' /T 
is an orientation preserving diffeomorphism /: M/T — )■ M' /T such 
that $ o / = $, and such that / and lift to $-T- diffeomorphisms 
in a neighbourhood of each exceptional orbit. Here, $ and $ are 
induced by the moment maps. 

We now state the main result of this section. 

Proposition 4.3. Let T G i* be an open subset, A C T a convex 
subset, and p: A — t- R>o o function. Let iX be a cover of T by convex 
open sets. For each U E H, let {Mjj.uju, ^u) be a complexity one space 
over U with image $[/ = f/ fl A and Duistermaat-Heckman function 
p\u- For each U and V in il, let 

fuv- Mv\unv/T^Mu\unv/T 

be a ^-diffeomorphism, such that fuv ° fvw = fuw on Mw\unvnw/T 
for all U,V,W G il. Then, after possibly passing to a refinement of 
the cover, there exist ^-T- diffeomorphisms guv - Mv\ur\v Mu\unv 
that lift fuv such that guv ° 9vw = 9uw on Mwlunvnw for all 

U,V,W e il. 

^ This notion of a differential structure on quotient spaces was used by Schwarz 
[Schj . An axiomatization of "differential structure" appeared in [Sikj . 
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Under the assumptions of Proposition 14.31 let Q denote the topolog- 
ical space obtained from the disjoint union \_\jj^^Mu /T by identifying 
X with fuv{x) for all U and in it and all x G Mv\unv/T. Let 

denote the map induced by the moment maps. As in the proof of 
Proposition 13. ![ Q is paracompact. 

We define a differential structure on Q by declaring a real-valued 
function to be smooth if it lifts to a smooth function on each Mu; 
notice that this is well defined. We can use smooth partitions of unity 
on the spaces Mjj and T to construct smooth partitions of unity on Q. 

For any abelian Lie group A, let A°° denote the sheaf of smooth 
functions to A. Let "H^oo denote the presheaf on T which associates 

the group (U); A°°) to each open set U C T. We will need the 

following lemma: 

Lemma 4.4. In the above situation, 

H\T,n%) = 0. 

Proof. Every short exact sequence of sheaves on Q gives rise to a long 
exact sequence in Cech cohomology. Therefore, the short exact se- 
quence of sheaves on Q, 

^ £ -> t°° r~ -> 1, 

gives rise to a long exact sequence of presheaves on T 

(4.5) -> ^ n\ 

Because the sheaf t°° is fine, H'^{W, t°°) = for all open sets W C Q. 
Hence, "Hjoo is the zero presheaf. Thus fl4.5p breaks up into two short 
exact sequences of presheaves, 

^n°^ -^n% ^ K ^ and ^ k ^ H?.co n] 0, 

where k denotes the kernel of the homomorphism — )■ H^. From 

these short exact sequences we get long exact sequences 

(4.6) 

> H\T,U^,^) ^ H\r, W+\r,H^,) ^ H'^\T,Ul^) 

and 

(4.7) — >w{r,K)^ H\r, H^T^) H\T, n])^-- - . 

Because U'l^iU) = t°°($~V)) for all U C T, the sheaf "HfL is a 
fine sheaf, and so 

i^'(r,?/t°oo) = for all t>0. 
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Hence, (gSD implies that H\T,k) = H^+^iT.'Hfi for all i > 0. Thus, 
( 14 .yp becomes 

y W^\T,U'l) ^ W{T,n%) ^ H\T,U\) -> ■ ■ ■ 

for alH > 0. The claim now follows immediately from Proposition 13. II 

□ 

The proof of Proposition 14.31 will use the following result. 

Lemma 4.8. Let {M,u,^,U) and (M', cu', f/) be complexity one 
spaces that have the same Duistermaat-Heckman function. Then ev- 
ery ^-diffeomorphism f : M/T M' /T lifts to a ^-T-diffeomorphism 
from M to M'. 

Proof. Lemma 4.10 of |KT01j reads as follows: 

Let y be a local model for a non-exceptional orbit with 
a moment map $ y : Y ^ i* . Let W and W be invariant 
open subsets of Y . Let g : W/T — )■ W /T be a diffeomor- 
phism which preserves the moment map. Then g lifts to 
an equi variant diffeomorphism from W to W . 

Therefore, by Definition 14.21 and the local normal form theorem, ev- 
ery orbit in M/T has a neighbourhood on which / lifts to a $-T- 
diffeomorphism. 

Condition (3.2) of |KT01j reads as follows: 

The restriction map H^{M/T; Z) H^{^-\y)/T; Z) 
^ ^ is one-to-one for some regular value ?/ of $. 

Lemma 4.11 of |KT01j reads as follows: 

Let (M,a;,$, t/) and (M', w', f/) be complexity one 
spaces that satisfy Condition Q and have the same Duistermaat- 
Heckman measure. Then every homeomorphism from 
M/T to M'/T that locally lifts to a ^-T-diffeomorphism 
also lifts globally to a <l>-T-diffeomorphism from M to M'. 

The lemma follows from this and Proposition 13. 3[ □ 
We will also need the following result from [HaSaj : 

Theorem 4.9 ([HaSa]). Let a torus T act on a manifold M. Let 
h: M ^ M be an equivariant diffeomorphism that sends each orbit to 
itself. Then there exists a smooth invariant function f : M ^ T such 
that h{m) = f{m) ■ m for all m G M. 



22 



YAEL KARSHON AND SUSAN TOLMAN 



Proof of Proposition \4.3\ Fix any U and V in iX. Since U and V, and 
hence U nV, are convex, we can apply Lemma to the spaces M[/|f/ny 
and Mvlunv- Thus, there exists a $-T-diffeomorphism 

that hfts fuv- 

For every U,V,W E 11, by Theorem 14.91 Fuv ° Fyw ° -^c/iV given 
by acting by a smooth T-invariant function Mulunvnw ~^ T. This 
function is the pull-back of a smooth function 

(4.10) huvw- Qlunvnw T. 
On quadruple intersections, we have 

(4.11) {huvw){huvxr^{huwx){hvwx)~^ = 1- 

This is a cocycle condition; hence, the huvw represent a cohomology 
class in (it, Ti^oa ) . By Lemma 14.41 after possibly passing to a refine- 
ment of the cover il, there exist smooth T-invariant functions 

Buv '■ Qlunv T 

such that 

(4.12) Buv Bvw BjjI^ = huvw 

on triple intersections. 
Then 

guv{x) := {Buv{x)y^ ■ Fuvix) 

are liftings of the fuv^^ thai satisfy the required compatibility condi- 
tion. □ 



5. Gluing symplectic forms 

The last "local to global" step is to modify the symplectic forms on 
the local pieces so that they agree on overlaps. 

Proposition 5.1. Let ann — 1 dimensional torus T act on an oriented 
2n dimensional manifold M , and let^: M T be an invariant proper 
map to an open subset T C t*. Assume that A = image $ is convex. 
Fix a function p : A — >• R>o o,'>T'd an open cover il of T. 

Assume that, for all [/ e it, there exists an invariant symplectic form 
Uu on ^^^{U) with moment map ^\u and Duistermaat-Heckman func- 
tion p\u such that uju is compatible with the given orientation. Then 
there exists an invariant symplectic form uj' on M with moment map $ 
and Duistermaat-Heckman function p such that uj' is compatible with 
the given orientation. 
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Let a compact Lie group G act on a manifold M, and let {^A/jgeg be 
the vector fields that generate this action. A differential form /3 on M is 
basic if it is G invariant and horizontal, that is, l^^j^jP = for all ^ € g. 
The basic differential forms on M constitute a differential complex 
^basic(^) whose cohomology coincides with the Cech cohomology of 
the topological quotient M/G; see |Kos] . 

We will need the following technical lemma; cf. |KT01l Lemma 3.6]. 

Lemma 5.2. Let an {n — 1) dimensional abelian group T act faith- 
fully on a 2n dimensional manifold M. Let $: M — )■ t* be a smooth 
invariant map. Let uq and ui be invariant symplectic forms on M with 
moment map $ that induce the same orientation on M. Let a be a 
basic two-form on M such that a{^, r]) = for all ^, G ker d^. Let Aq 
and Ai be non-negative functions on M such that Aq + Ai = 1. Then 

Ao uq + XiLUi + a 

is non- degenerate and induces the same orientation as Uq and Ui. 

Proof. Let a; G M be a point with stabilizer H; let h be the dimension 
of H. By the local normal form theorem, a neighbourhood of the orbit 
of X with the symplectic form cuq is equivariantly symplectomorphic to 
a neighbourhood of the orbit {[t, 0,0]} in the model T C^+^ x f}°. 
The tangent space at x splits as t/fi © f)° © C'^"''"'^, where t/f) is the 
tangent space to the orbit. By the definition of the moment map, the 
forms cuqIx and Ui\x are given by block matrices of the form 



where / is the natural pairing between the vector space t/f) and its dual, 
f)°, and where uq and ui are linear symplectic forms on C'^"*'^ with the 
same moment map and the same orientation. By our assumptions, a\x 
is given by a block matrix of the form 



Hence, (Aqcuo + Ai wi + a)\x is given by a block matrix of the form 




and 






where 



u = Ao(x)co'o + Ai(x)co'i. 
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It suffices to show that uj is non-degenerate and induces the same ori- 
entation as ujq and cDi. 

Case 1. Suppose that the stabihzer of x is triviaL Then loq and cDi 
are non-zero two-forms on C that induce the same orientation, and so 
u is non-degenerate and induces the same orientation. 
Case 2. Suppose that the stabihzer of x is non-trivial. Viewing a; as a 
translation invariant differential two- form on C'^'^^, it is enough to find 
some V G C'+i such that u:\y is non-degenerate and induces the same 
orientation as cDqIi, and u}\\v. We choose v G C''"'""'^ whose stabilizer is 
trivial and apply Case 1 to the H action on C'^'*'^. □ 

Proof of Proposition 15. ii Given j G N, define a sheaf f^^asic ^ 



Let d: K^'^ — )■ K^'^+^ denote the de-Rham differential, and let 5: K^'^ — )■ 
clenote the Cech differential. ^ 
To prove the proposition, it will be enough to find (3 G C^(il, f^basic) 
such that (5/3 = and dfivw = ojy — ojw for all V and W in il. To see 
this, let {Xu}u€'d be the pull back to M of a smooth partition of unity 
on T subordinate to il. Define 

Jy■=^\JJUu + ^dXu^Puv Gfi^($"^(y)) foraUV^Gil. 

Since 5/3 = and '^jj^^ Xjj = 1, 

- = ^ dXu A {Puv - Puw) = Ac/ j A Pwv = 0. 



Therefore, the u'y glue together to give a global form u' G f2^(M). Since 
each uu is an invariant symplectic form, and since dXu{C,) = for all 
f/ G il and all ^ G ker d^, by repeated application of Lemma [5.21 cj^ is 
non-degenerate and is compatible with the given orientation. Moreover, 



Thus, each uy and Uy differ by the exterior derivative of a basic one- 
form. This implies that u' is closed, and so it is a symplectic form com- 
patible with the given orientation. It also implies that u' is invariant. 




(7 ell 
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has the same moment map $ as cjy, and has the same Duistermaat- 
Heckman function p as uy- 

As a first step towards finding the required cochain, we will show that 
we may assume that there exists {3 G C^(il, such that d(5vw = 

uv — ojw for all V and W in 11. After possibly passing to a refinement, 
we may assume that every ?7 G il is convex. As we mentioned earlier, 
Condition (3.2) of |KT01j reads as follows: 

The restriction map H^{M/T; Z) H^{<^-\y)/T; Z) 
^ ^ is one-to-one for some regular value ?/ of 

Moreover, Lemma 3.5 of |KT01j reads as follows: 

Let (M, and {M',uj',^',U) be complexity one 

spaces that satisfy Condition Q and have the same Duistermaat- 
Heckman measure. Then for every <l>-T-diffeomorphism 
g: M ^ M' there exists a basic one-form (3 on M such 
that d/3 = g*oj' — u. 
Hence, the claim follows immediately from Proposition 13.31 

Next, we will show that we may assume that there exists 7 G C*^(il, f^basic) 
such that ^7 = and 6(3 = dj. For all j G N, define a presheaf "H^ 
on r by ni{U) = H^{<!>-\U)/T]R) for all open U G T. Recall 
that the Cech cohomology of <l>~^(f/)/T coincides with the cohomol- 
ogy of {ni^^i^{<^-^{U)),d). Since 6^(3 = and d6f3 = 0, the cochain 
6(3 represents a cohomology class in H'^{li;'H^). By Proposition 13. 
H'^(T,'H^) = 0. Hence, after passing to a refinement, there exists 
(3' G (7-^(11, l^basic) ^'^ch that d(3' = and such that 6(3 and 6(3' agree 
as elements of (7^(11, "Hj^), i.e., there exists 7 G C"^ {ii, fl'^^^J such that 
6(3 — 6(3' = d'y. By replacing /3 by /3 — (3', we may assume that 6(3 = d'y, 
as required. Since H^iTyTi^) = by Proposition 13.11 we may assume 
that 57 = by a similar argument. 

Finally, we will use the fact that fibasic is a fine sheaf to show that 
we may assume that 6(3 = 0, as required. Define r] G C*^(it, f^basic) by 

Vvw = ^ A{/ -yuvw for all V,W e ii. 

Since ^7 = 0, 61] = 7, and so 6dri = dj = 6(3. Hence, we may replace 
(3hy (3-dri. □ 

6. Reconstruction 

By breaking a space into the moment map preimages of small open 
subsets of t*, and then gluing them back together, we obtain a special 
case of Theorem [H This theorem is easier to prove than our other 
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existence theorems, in that it does not require the "local existence" 
results proved in Sections [3-[ni i.e., it does not require us to determine 
which spaces can occur as preimages of small open subsets of t*. 

Theorem 6.1. Let (M, u, $, T) be a tall complexity one space of genus g. 
Let T, be a closed oriented surface of genus g, and let f : Mexc — )■ S &e 
any painting. Then there exists a tall complexity one space (M', u', T) 
with the same moment image and Duistermaat-Heckman function as M 
whose painting is equivalent to f . 

Since every tall complexity one space (M, u, $, T) has a convex mo- 
ment image A = $(M), a positive Duistermaat-Heckman function p, 
and a skeleton S = Mexc, Theorem 16.11 is simply the special case of 
Proposition 16.21 below with ii = {T}. (Proposition 16.21 is also a key 
ingredient in the proofs of Theorems [H [21 and [31 see §10[ ) 

Proposition 6.2. Let T be a convex open subset of i* , A G T a convex 
subset, and p: A — )■ R>o a positive function. Let {S,7r) be a skeleton 
over T, T, a closed oriented surface of genus g, and /: S* — > S a 
painting. Finally, let ii be a cover of T by convex open sets. 

Suppose that for each f/ G il there exists a complexity one space 
{Mif,uu,^u) of genus g overU with moment image and Duistermaat- 
Heckman function p\/^r\U whose skeleton is isomorphic to S H 7r~^(f/). 
Then there exists a complexity one space (M, u, T) with moment im- 
age A and Duistermaat-Heckman function p whose painting is equiva- 
lent to f . 

Proof. By Proposition 20.1 from the elephant |KT03] (see Proposi- 
tion 16.31 below), after (possibly) passing to a refinement of ii, there 
exists $-diffeomorphisms hyu- Mu/T\uf^y — )■ My/T|[7ny such that 
hwv ° hvu = hwu on triple intersections and the following property 
holds. 

If (M, w, $, T) is a complexity one space such that for ev- 
ery U G il there exists a $-T-difTeomorphism Xjj : M\jj — )■ 
Mu so that hvu is the map induced by the composition 
Ay o (Ac/)~^, then the painting associated to M is equiv- 
alent to /. 

By Proposition 14.31 after passing to a refinement of il, there exist 
$-T-diffeomorphisms gvu'- ^i/|[/ny Mv\urw that lift hyu and such 
that gwv ° Qvu = 9wu on every triple intersection. 

We use these $-T-diffeomorphisms to glue together the manifolds Mu. 
This gives an oriented 2?2-dimensional manifold M with a T action 
and a T-invariant proper map $ : M — )■ T. Moreover, there exists 
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a $-T-diffeomorphism Xu: M\u — )■ Mu for each [/ G it such that 
gvu = Ay o {Xu)~^ on each double intersection. 

For each U E il, the puUback u'jj := A^Wf/ is a T- invariant symplec- 
tic form on $^^(?7) with moment map $|[7 and Duistermaat-Heckman 
function p\i/ and such that is compatible with the given orienta- 
tion. Therefore, by Proposition 15. there exists a T-invariant sym- 
plectic form u on M with moment map $ and Duistermaat-Heckman 
function p and such that u is compatible with the given orientation. 
Finally, by the property above, the painting associated to (M, u, $, T) 
is equivalent to /. □ 

For the reader's convenience, we now reformulate Proposition 20.1 
from |KT03j : 

Proposition 6.3. Let T he an open subset of i* and A cT a convex 
closed subset. Let f : S be a painting, where is a closed oriented 
surface of genus g and (5, vr) is a skeleton over T ■ Let ii be a cover 
of T by convex open sets. For each U E H, let {Mu,uu,^u,U) be a 
tall complexity one space of genus g over U, so that image $[/ = U HA 
and so that the set of exceptional orbits (M[/)exc is isomorphic to the 
restriction S\u := S' fl 'n-^^{U). 

Then, after possibly refining the open cover, one can associate to each 
U and V inU- a ^-diffeomorphism hyu- /T\ur\V Mv/T\ur]V such 
that hy/v ° hvu = hwu, o,nd such that the following holds. 

If (M, a;,$,T) is a tall complexity one space such that for every 
U eU there exists a ^-T -difjeomorphism Xu: M\u — )■ Mu so that hyu 
is the map induced by the composition Ay o [Xu)~^ , then the painting 
associated to M is equivalent to f . 

Part II: Classification 
7. Compatibility of skeleton 

Let (M, w, <I>,T) be a tall complexity one space. The purpose of 
this section is to show that the set Mexc of exceptional orbits is a 
tall skeleton over T, the moment image $(M) is a convex Delzant 
subset of T, and the set $(M) and skeleton Mexc are compatible. See 
Definitions [HSl ^A7\ and OTl 

We begin with an important observation. 

Lemma 7.1. Let Y = T C^^^ x l)^ be a complexity one model in 
which {[A, 0,0]} is a non- exceptional orbit. Then, after possibly per- 
muting the coordinates, Y = TxhC^xCxI)^ and H acts on C'^ 
through an isomorphism with (S^)^. Consequently, every orbit in Y is 
non- exceptional, and the image of Y is a Delzant cone. 
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Proof. Inside the model, the set of points that have stabihzer H and 
that he in the same moment fiber as [A, 0,0] is T x^j [<C^^^)^ x {0}, 
where (C'^"''^)^ is the subspace fixed by H. Since {[A, 0,0]} is not an 
exceptional orbit, this subspace is not trivial. The result then follows 
from a dimension count. □ 



We can now prove the main results of this section. 

Lemma 7.2. Let (M, cj, $,T) be a tall complexity one space. The set 
Mcxc of exceptional orbits, labelled by the isotropy representations in M 
and equipped with the map $ : M^xc t* induced by the moment map, 
is a tall skeleton over T . 

Proof. By construction, Mexc satisfies the local requirement in the def- 
inition of a tall skeleton. By the local normal form theorem and 
Lemma I7.H the set of non-exceptional orbits is open, and hence Mgxc 
is closed in M/T. So the restriction $|a/oxc • M;xc — )■ T is proper. □ 

Lemma 7.3. The moment image of a tall complexity one model is a 
Delzant cone. 

Proof. Let Y = T x ^ C^^^ x f)" be a tall complexity one model with 
moment map $y, and let a = $y ([A, 0, 0]). By Lemma there exists 
a non-exceptional orbit x in ^Y^(a). Let be the corresponding 
complexity one model. By Lemma I7.H image is a Delzant cone 
at a. By the local normal form theorem and the stability of the moment 
map for Y^ and for Y (see Section [2]), there exists a neighbourhood U 
of a in T such that U fl image $y = U D image $y^ . Because image $y 
and image <I>y^ are invariant under dilations about a, this implies that 
they are equal. □ 

Lemma 7.4. Let (M, u, $, T) be a tall complexity one space. Then the 
moment image $(M) is a convex Delzant subset ofT that is compatible 
with the tall skeleton Mgxc- 

Proof. Because T is convex, M is connected, and $ : M — > T is proper, 
$(M) is a convex closed subset of T; see Section [2J Let x be a T-orbit 
in M, let Y be the corresponding model, and let a = ^(x). By the 
local normal form theorem, stability for the moment map on Y, and 
stability of the moment map on M, there exists a neighbourhood U of 
a such that $(M) (lU = imagery fl U. The claim now follows from 
Corollary 12.51 and Lemma 17. 3[ □ 
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8. DUISTERMAAT-HECKMAN functions for TALL COMPLEXITY 

ONE MODELS 

The purpose of this section is to define the Duistermaat-Heckman 
functions for truncations of a tall complexity one model (Definition l8.6l) 
and to prove their basic properties (Corollaries 18.221 and I8.23| ). These 
functions were used in Section [T]to define compatibility of a (Duistermaat- 
Heckman) function and a tall skeleton; see Definition 11.231 

Lemma 8.1. Let Y = T C^^^ x i)^ be a tall complexity one model. 
The torus 

G:=Txh{S')''+^ 

acts faithfully on this model. Let it'- T — t- G denote the inclusion 
map. Then there exists a unique {h + l)-tuple of non-negative integers 
(^0) • • • y^h) such that the following sequence is well defined and exact: 

(8.2) {1} y T G y {1}, 

h 

where P{[\,a]) = ■.= Y\_o-k' ■ 

The sequence 

(8.3) ^ ^ _x_^ -^n'UA"^ g^ ^ 

is also exact, where x- H ^ (S^)'^^^ is the embedding through which 
H acts on €.^+^ . 

Proof. Lemma l8.ll follows from Lemmas 5.2, 5.3, and 5.8 of |KT01j . 
For completeness, we give a direct argument. 

For any integers ^o,---,^h, the sequence (18. 2p is well defined and 
exact if and only if the sequence (18.31) is exact. 

Because the quotient {S^Y^^ lx{H) is a one dimensional compact 
connected Lie group, there exist integers ^o; • • • ; such that (18.31) is ex- 
act; these integers are unique up to replacing (^q; • • • ; ^h) by (— ^o? • • • > ~ih)- 

Let r]Q, . . . ,7]^ be the weights for the H action on C^"'"^. Differentiat- 
ing the relation xi^Y = 1 gives Ylk=o ^kVk = 0. 

The quadratic moment map for the H action on C^^^ is given by 
^h{z) = X]fc=o ^I'^fcl^'^fc- Because Y is tall, the level set $^^(0) contains 
more than one orbit. Hence, there exist complex numbers zq, . . . , Zh, 
not all zero, such that Ylk=o'^\^k\'^''lk = 0. 

Because the action is effective, the space of solutions (xq, . . . ,Xh) of 
the equation ^ XkTjk = is one dimensional. Hence, the previous two 
paragraphs imply that the vectors (^o; ■ ■ ■ ,^h) and (l-ZoP; • • • ) k/iP) are 



30 



YAEL KARSHON AND SUSAN TOLMAN 



proportional. So, after possibly replacing (^o, • • • , ^/i) by (— ^o, • • • , —^h), 
the integers ^o, ■ ■ ■ are all non-negative. □ 

Definition 8.4. We call the map P: G — > described above the 
defining monomial; cf. [KTOlt Definition 5.12]. A complementary 
circle to T in G is a homomorphism J: 5*^ — t- G such that PoJ = idgi. 

Let gz denote the integral lattice in g and g^ the weight lattice in 
g*. Thus, 

0z = Hom(^\ G) and = Hom(G, S^). 

Remark 8.5. Complementary circles always exist. To see this, note 
that the short exact sequence (18. 2p gives rise to a short exact sequence 
of lattices, {0} g^ —)■ Z {0}. Any splitting of this sequence 

determines a complementary circle J: ^ G to T in G. 

Let (M, u, $) be a Hamiltonian T-manifold, and let A C M be a 
measurable subset. The Duistermaat-Heckman measure for the 
restriction of $ to A is the push-forward by the moment map of 
the restriction to A of the Liouville measure; a real valued function on 
$(y4) is the Duistermaat-Heckman function for this restriction if 
its product with Lebesgue measure is the Duistermaat-Heckman mea- 
sure. As before, it is almost unique; see the discussion on page [TTl 

Definition 8.6. Let Y = Tx/^C'^"^^ x be a tall complexity one model 
with moment map $y: F — )■ t*. A real valued function p on a subset 
of t* is the Duistermaat-Heckman function for a truncation of 
the model if there exist a complementary circle J to T in G and a 
positive number k, such that p is the Duistermaat-Heckman function 
for the restriction of $y to the subset 

(8.7) Yj,^:=<fj\{-oo,^]) 

of Y, where (^j: F — )■ M is the moment map for the resulting circle 
action on Y, normalized by v^j([A, 0, 0]) = 0. 

Let y be a tall complexity one space, and let a = $y([A,0,0]). We 
will show in Corollaries 18.221 and 18.231 that there exist Duistermaat- 
Heckman functions for truncations of the model Y, that they are well 
defined and continuous on a neighbourhood of a in image $y, and that 
the difference of every two such functions is equal to an integral affine 
function on some neighbourhood of a in imagery. 

Lemma 8.8. Let Y = T C^~^^ x i)^ be a tall complexity one model, 
and let $y : Y ^ g* be a moment map for the action of G := T x^ 
(S^)^^^ . There exists a linear isomorphism 

(8.9) g* y (3° x R^+^ 
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with the following properties. 

(1) The following diagram commutes: 

g* ^ {)0 X M'^+i 

t* = ^ fl* X 

where the bottom isomorphism is induced by the inner product 
on t that we have chosen, it'-T ^ G is the inclusion map, 
and X- H ^ (5'^)'^"'"^ is the embedding through which H acts on 

(2) The composition 

Y ^ g* i)'x M^+i 

has the form 

(8.10) [A, 2;, z/] i-T- (^u , tt\zq\'^ ,TT\zh\'^) + constant. 

(3) LetC, be the element of that corresponds to the defining mono- 
mial P G Hom(G, S^), and let Co, ■ ■ ■ be the exponents of the 
defining monomial. Then the isomorphism (18.91) carries ^ to 
(0,(eo,...,eh)). 

Proof. Let in'- H — > T denote the inclusion map. The torus G is 
the quotient of T x (5^)''+^ by the image of the H under embedding; 
a I— > (i/^(a)~^, x(a)). Hence, 

(8.11) g* = {(7,^^) e t* X M^'+i I ^^,(7) = x*{s)}. 

Under the identification of t* with i)* x i)^, the space g* becomes further 
identified with 

(8.12) {(/3,z/,s) G r X X M'^+i I /3 = x*{s)}. 
Now consider the composition 

(8.13) g*}ll^i* X M'^+i r X (1° X M^+iPi±f^"fiO X M^^+i. 

The projection (/3, i/, s) ^ is a hnear isomorphism from the 

space fl832|) - which is the image of g* in {)* x f)0 x M'^+i -tolj^x R^+^. 
This proves that the composition (18.131) is a hnear isomorphism. 

Moreover, if {/3,u,s) is in (18712]) then (/3, i/) = (x*(s),i/). This 
gives (1). 
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The moment map for the T action on Y, as a map to P)* x has 
the form [A, z, v\ ^ (^^^(z), v) + constant. The moment map for the 
[S^y^^^ action on Y has the form 

[A, v\ I— )■ (7r|2;op, . . . , vr|z/ip) + constant . 

Therefore, the moment map for the G action on y, as a map to f)* x 
[)° X R'^+^j has the form 

[A, v\ I— )■ z/, 7r|2;op, . . . , vr|z/jp) + constant . 

This imphes (2). 

Since the restriction of P G Hom(G', S*^) to the subtorus T of G 
is trivial, and the restriction of P to the subtorus (S'^)'^"'"^ of G is 
the homomorphism a nfc=o i natural embedding of g* into 
t* X R'^+i carries i to (0, (^o, • • • , '^h))- Projecting to f)° x M'^+i, we 
get (3). □ 

Lemma 8.14. Let Y = T x^C^^^ x i)^ be a tall complexity one model 
with moment map <l>y : F — )■ t*. Let J e Hom(S'^, G) be a complemen- 
tary circle to T in G := T Xh {S^)^^^ , and let j be the corresponding 
element of q^. Let $y : Y ^ q* be the unique G moment map that 
satisfies o <|)y = <|)y and ($y([A, 0, 0]), j) = 0. There exists a unique 
continuous map 

a : image $y — g* 
with the following properties. 

(1) i^{a{l3l+t^) = 13 for all (3 G imagery and t e M. 

(2) image $y = {(t(/3) + | /3 G image $y and t > 0}. 

(3) a(<l>y([A,0,0])) =$y([A,0,0]). 

Here, ix'- T ^ G is the inclusion map, and G gj corresponds to the 
defining monomial P G Hom(G', S^). 

Proof. Let x'- H (S^)^^^ be the embedding through which H acts 
on C^^^. Let C,o, ■ ■ ■ be the (non-negative) exponents of the defining 
monomial. By (18. 3p . the level sets of the projection x* '■ R'^'*'^ — )■ f)* are 
the lines s + R(^o, • • • , ^h)- 

After possibly reordering the coordinates, we may assume that 

(8.15) ^fc > for < A; < /i' and = for h' < k < h; 

let h" = h- h'. Consider the subset (9R++^ x Rf of R++\ consisting 
of {h + l)-tuples of non-negative numbers in which at least one of the 
first h' + 1 entries is equal to zero. Consider the map 

(8.16) dm!l+^ X Rf ^ s ^ x*{s). 
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This map is a bijection because, by (18.151) . the hne s + M(^o, ■ ■ ■ ,^h) 
meets dR^^^ x exactly once for each s G M.^^. Restricted to each 
closed facet, this map coincides with a linear isomorphism, and hence 
is open as a map to its image. It follows that the map fl8.16p is open. 
Since the map (18.161) is a homeomorphism, it has a continuous inverse 



— > 



We claim that an has the following properties. 

(1') X*{MI3) + t{^o, . . • = /3 for all /3 G x*{K''') and t e R. 
(2') Mfi = {a^(/3) + t(eo,...,a) \f3ex*{K^') and t > 0}. 
(3') ^^(0) = 0. 

Properties (1') and (3') follow immediately from the definition of an- 
To prove (2'), consider /3 e and t G M. By flHTTS]) . the fact 

that ah{l3) G x R^" implies that aniP) + t(^o, • • • lies in 

M++^ exactly if t > 0. 

We may assume without loss of generality that $y([A,0,0]) = 0. 
Then the identification of t* with f)* x f)° carries image $y onto x*(M^+^)x 
f)°. Define a: image $y — )■ g* so that the following diagram commutes: 

image $y = ^ x f)" 

i)^ X M'^+i , 



where (18. 9p is the isomorphism defined in Lemma 18.81 By part (2) of 
that lemma, (18. 9p carries image $y onto (1° X R^-^K Claims (1), (2), 
and (3) then follow from (1'), (2'), and (3'), respectively, by Parts (1) 
and (3) of Lemma 18.81 □ 

A lattice element is primitive if it is not a multiple of another lattice 
element by an integer that is greater than one. The rational length 
of an interval [x, y] with rational slope in q* is equal to the positive 
number k such that y — x = where ^ is a primitive lattice element. 

Lemma 8.17. Let Y = T x^C^^^ xi)^ be a tall complexity one model 
with moment map $y : F — )■ t*. Let J G Hom(S'^,G') be a comple- 
mentary circle to T in G := T Xh (S^)^^^; let j be the corresponding 
element of Qzi cind let ip: Y ^ R be the moment map for the resulting 
circle action, normalized by <^([A,0,0]) = 0. Then the T x moment 
map ($y,<y9): <I>y — )• t* X M proper, and each fiber contains at most 
one T X orbit. Moreover, if a: imagery — ?■ g* is the map given in 
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Lemma\8.1^\ then 



(8.18) image = 

{(/3,s) G r X M I /3 G imagery and s > ((T(/3),j)}. 

Proof. Let it'- T "-^ G he the inclusion map. Let $y : F — )■ g* be 
a G moment map, normalized so that {irij) ° = ('^'y;V')- Note 
that, in particular, ($y([A, 0, 0], j) = V9([A,0,0]) = 0; cf. Lemma EHH 
By Lemma [8.81 (2), $y is proper and each fiber contains at most one 
G orbit. 

Let ^ G correspond to the defining monomial P G Hom(G, S"^). 
Because PoJ is the identity map, j) = 1. Moreover, since the homo- 
morphism J splits the short exact sequence (18.21) . the map (i^, J): T x 

G is an isomorphism of groups. Hence, the induced map {i^, j) : g* - 
t* X R is a linear isomorphism. Therefore, by the first paragraph, 
(<l>y. If) is proper and each fiber contains at most one T x orbit. 
Finally, (I8.18P follows easily from properties (1) and (2) of Lemma [8. 141 

□ 

Lemma 8.19. Let Y = T XhC^^^ x i)^ be a tall complexity one model 
with moment map $y : F — > t*. Let J G Hom(S'^,G) be a comple- 
mentary circle to T in G := T x h (5^)^+^; let j be the corresponding 
element of Qz; and let ip: Y be the moment map for the resulting 
circle action, normalized by ip{[X,0,0]) = 0. Given k G M, define 

>j,k = <^-'((-oo,k]) CY. 



(1) //cr: imagery — ?■ g* is the map given in Lemma 8. 14-, then the 
function 

(8.20) (5^K-{a{(5),j) 

from $y(Yj^K) to is a Duistermaat-Heckman function for the 
restriction of to Yj^^. 

(2) If K > 0, then ^y(Xj,k) contains a neighbourhood of a = $y ([A, 0, 0]) 
in ^viY). 

(3) The restriction of to Yj^^^ is proper. 

Proof. Since by Lemma [8 . 1 71 each level set of ($y, contains at most a 
single T X orbit, the Duistermaat-Heckman measure for the restric- 
tion of ($y,(y9) to Ij^K is Lebesgue measure on the set ($y, (/9)(Fj^k)- 
The Duistermaat-Heckman measure for the restriction of $y to Yj^k is 
the push-forward of this measure under the projection map from t* x M 
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to t*. Finally, by (Km . 

(8.21) ($y,<^)(F7,,) = 

G t* X R I /3 G imagery and k > s > {a{l3),j)}. 

Claim (1) follows immediately. 

By Lemma [8. 141 the function a is continuous and {a{a),j) = ($y([A, 0, 0], j) = 
V9([A,0,0]) = 0. Therefore, if k > 0, then the equation fl8.2ip implies 
that there is a neighbourhood f/ of a in t* such that $y(y) (1 U = 
'^y(Yj^k) n U. This gives Claim (2). 

Since a is continuous, the equation (18.211) implies that the inter- 
section {K X M) n ($y, y9)(yj^K) is compact for any compact set K. 
Moreover, by Lemma [8.17[ ($y,v3) is proper. Claim (3) follows imme- 
diately. □ 

Corollary 8.22. For every tall complexity one model Y , there exist 
Duistermaat-Heckman functions for truncations of the model. Each 
such function is well defined and continuous on a neighbourhood of a 
in image $y . 

Proof. By Remark 18.51 there exist complementary circles to T in G. 
The result then follows from Lemma [8.191 with any n > 0. □ 

Corollary 8.23. Let Y = T Xjj C^~^^ x i)^ be a tall complexity one 
model. Let p and p' be Duistermaat-Heckman functions for truncations 
ofY. Then the difference p — p' is equal to an integral affine function 
on some neighbourhood o/ $y([A, 0, 0]) in imagery. 

Proof. Let J and J' be complementary circles to T in G := T Xjj 
^^i^/i.+i^ and let j and j' be the corresponding elements of g^. Let (p 
and if' be the associated moment maps, normalized by (y9([A,0,0]) = 
(y9'([A, 0, 0]) = 0. Let P: G —> he the defining monomial. Because 
PoJ = PoJ' = Idsi , there exists Aj G tz such that 

J-f = tT{Aj). 

Let a and a' be the maps from image $y to q* that are associated 
to J and J', respectively, in Lemma 18.141 Let $y and be the G 
moment maps, normalized as in Lemma [8.141 Because z^o$y = i^o$y, 
there exists a real number c such that $y — $y = c^, where ^ G 
corresponds to P G Hom(P, S^). 

Therefore, parts (1) and (2) of Lemma [8.141 imply that 

a — a' = c^. 

Let K, and k' be positive numbers. Let pj^^ and pj',^' be the Duistermaat- 
Heckman functions for the restrictions of to ip^^{{—oo, k]) and 
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oo, k']), respectively. By Lemma [8.19\ there exists neighbour- 
hood of $y([A, 0, 0]) in image $y where 

= n-{a{(3),j)-K'+{a'{(3),f) 
= K- (or(/3), j) -k' + - ce, J - 2t(Aj)) 

= ^_^'_c-(4(a(/3)),Aj) 
= k-k' -c-{(5, Aj) . 

Here, the penultimate equality uses the fact that = 1, and the 

last equality follows from Lemma 18.141 □ 

9. Compatibility of the Duistermaat-Heckman function, 

and local existence 

This section achieves two goals. In Proposition 19.21 we prove that a 
Duistermaat-Heckman function of a complexity one space is compati- 
ble with its skeleton. In Proposition 19.101 we prove "local existence" : 
for any compatible values of our invariants, over sufficiently small open 
subsets of t* there exists a tall complexity one space whose invariants 
take these values. The proofs of both propositions rely on a surgery that 
removes or adds exceptional orbits. In order to perform this surgery 
we identify a punctured neighbourhood of an exceptional orbit with a 
punctured neighbourhood of a non-exceptional orbit. This identifica- 
tion is done in Lemma [9.11 

We begin by setting up the relevant notation. Let C be a Delzant 
cone in t*, and let {Mcooc, ^c) be a symplectic toric manifold whose 
moment image is C. We recall how to obtain such a manifold. By 
Definition 11.171 there exist an integer < k < n and a linear isomor- 
phism y4: M" — 7- t* that sends Z"' onto the weight lattice i* such that 
C = a + A{R'l_ X W'^). We may take Mc to be the manifold 

Mc := X (T*5l)"-^ 

with the standard symplectic structure; with the T-action given by the 
isomorphism T — )■ (5'^)'' x (5'^)'^"'' induced by A* : t — )■ M"; and with 
the moment map ^ciz, a, 77) = a + A (vr|2;ip, . . . , TT\zk\'^,T]i, . . . ,7]n-k), 
where z = {zi, . . . , Zk) e and (a, r]) G x M"-'^ ^ (T*^i)"-^ 

We also consider the manifold Mc x C with the product symplectic 
structure. This manifold admits a T action on the first factor with 
moment map {m,z) 1— ?■ ^ci'f^) for ciU m G Mc and 2; G C. It also 
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admits a toric action ofTxS^ with moment map (m, z) i— )■ (^(^(m), k+ 
7r|zp), for any k G M. 

Given e > 0, let be the disk 

D, = {zeC\ tt\z\'^ < e}. 

Lemma 9.1. Let Y = T x h C^^^ x l)^ be a tall complexity one model 
with moment map $y : Y ^ t* . Let J be a complementary circle to 
T in G := T Xh (5'"'^)'^'*'^; and let ip: Y ^ M be the moment map for 
the resulting circle action, normalized by (f{[X,0,0]) = 0. Let a = 
$y([A,0,0]). 

(1) Let V be a neighbourhood of the orbit {[A, 0,0]} in Y. Then 
there exists a neighbourhood U of a in t* and a positive number 
k' such that the preimage ($y, v^)^^ {U x (— oo, /t')) is contained 
in V . 

(2) Let {McjOJc, ^c) be a symplectic toric manifold whose moment 
image zjj C := imagery. For every positive number k, there 
exist e > 0, a neighbourhood U of a E i* , and a T equivariant 
symplectomorphism between 

^Y^{U) nip'^{{K,K + e)) CY and 

^c\U) X (A \ {0}) C Mc X C 

that intertwines yj: F — )■ M and the map {m, z) H- k + vr|zp. 
Here, T acts only on the first factor of Mc x C 

Proof. Let j be the element of Zg C q that corresponds to J G 
Hom(5'^,G'). Let a: imagery — > q* be given as in Lemma [8.141 Then 
by Lemma [8.141 and Lemma [8.17t 

(i) the map a is continuous and {a{a),j) = 0; 

(ii) ($y, : y — 7- t* X R is proper and each fiber contains at most 
one orbit; and 

(iii) image ($y,</.) = {{f3,s) G t* x M | /3 G <l'y(F) & s > 

Let be a neighbourhood of the orbit {[A, 0, 0]} in Y. By (ii) above, 
there exist a neighbourhood f/ of a in t* and a positive number k' 
such that the pre-image ($y, x (— is contained in V. 

Therefore, by (i) and (iii) above, after possibly shrinking U, the pre- 
image {^Y,f)~^{U X {—OO, — k']) is empty; this proves Claim (1). 

Moreover, if k is a positive number, then by (i) and (iii) above, there 
exists a neighbourhood W of (a, k) G t* x M such that image($y, Lp) fl 
W = {C X R) nW. Consider Y and Mc x S*^ x M as symplectic 



'The moment cone is a Delzant cone by Lemma 17.31 
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manifolds with toric T x actions and with moment maps {^Y,f) 
and ($(7, K+projjj), respectively. By the argument above, their moment 
images coincide with C x R, hence with each other, on a neighbourhood 
of {a,K). Because (ii) holds, the local normal form for toric actions 
(see [Delj ) implies that, after possibly shrinking this neighbourhood, its 
preimages in Y and in Mc xS^xM. are isomorphic. Thus, after possibly 
shrinking U, for sufficiently small e the subset $y^(f/) nv9^^((/t — e, k + 
e)) of y is isomorphic to the subset $^^(?7) x x (k — e, k + e) oi 
Mc X X R. Restricting to the preimage of f/ x (k, k + e), and 
composing further with the map re'^ i— >■ (e*^,K + vrr^), which is an 
S'^-equivariant symplectomorphism from \ {0} onto x [k, k, + e) 
that carries the map z n + ^rl^p to the map (A, s) s, we get 



We are now ready to prove the first main result of this section. 

Proposition 9.2. Let (M, u, $, T) be a tall complexity one space. The 
skeleton and Duistermaat-Heckman function of M are compatible. 

Proof. Fix a point a in the moment image A = $(M). By Lemma [721 
and Corollary 12. 6[ there are only finitely many exceptional orbits x in 
^-^{a). For each such x, let = T Xh^ xC^-+'^ x [)° be the tall 
complexity one model with moment map ^x'- Yx t* corresponding 
to X. 

By applying surgery to neighbourhoods of the exceptional orbits, we 
will construct a complexity one space {M',u', U) with moment im- 
age AnU that has no exceptional orbits, where f/ C T is a convex open 
neighbourhood of a. Additionally, the Duistermaat-Heckman function 
p' : A n t/ ^ M>o of M' will satisfy 



where px is the Duistermaat-Heckman function for a truncation of the 
model Yx for each exceptional orbit x in $^^(q;), and the sum is over 
all such orbits. Because M' is a complexity one space with no excep- 
tional orbits, p' is integral affine on A fl f/. The proposition will follow 
immediately. 

By Lemma [73] there exists a Delzant cone C at a and a convex open 
neighbourhood [/ of a in t* such that Aflf/ = CnU. Let (Mc, uc, $c) 
be a toric manifold with moment image C. 

By the local normal form theorem, for each exceptional orbit x in 
$^^(a) there exists an isomorphism from an invariant neighbour- 
hood Vx of the orbit {[A, 0, 0]} in Yx to an invariant open subset of M 



Claim (2). 



□ 



(9.3) 




X 
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that carries {[A, 0, 0]} to x. Moreover, we may assume that the closures 
in M of the open subsets '^x^Vx) are disjoint. 

Given an exceptional orbit x in let be a complementary 

circle to T in T x j;^^ (5'^)''"'"'"^; see Remark 18. 5[ Let ^p^ be a moment 
map for the resulting circle action, normalized by (^2;([A, 0, 0]) = 0. 
By Lemma UA\ image $^ = C. By Lemma 19. for sufficiently small 
e > 0, after possibly shrinking f/, there exists > Q such that 
n ip~^{{—oo, + e)) is contained in V^; moreover, there ex- 
ists an isomorphism between 

(9.4) $-!([/) n^4(^;i((/€,,ft:, + e))) CM and 

(9.5) ^^c^iU) X (A \ {0}) C Mc X C 

that intertwines ip^ ° ^x^'- ^xiYx) ^ and the map {m,z) i— )■ + 
We construct M' by gluing together the spaces 

(9.6) <!>-\U)^\J^x{^-\-oo,Kx]) CM and 

X 

(9.7) |J$^^(f/) X A C Mc X C 

X 

by identifying their isomorphic open subsets (19.41) and 09.51) for every 
exceptional orbit x in $~^(a). 

The space M' is the union two closed subspaces: the images in M' 

of 

(9.8) <l>-\U)\\J^,{^~\-oo,Kx+'^e)) CM and 

X 

(9.9) y ^c\U) X Di^ C Mc X C, 

X 

where Di^ C C is the closed disk. Because each of these is Hausdorff, 

2 

M' is Hausdorff. 

By construction, M' is a manifold with a T action, a symplectic form 
u', and a moment map Moreover, as maps to U, the restriction of 
$ to (19. 8p and the restriction of $c to (19. 9p are both proper, and so 
is proper as well. 

This yields a complexity one space {M',u', U) with moment im- 
age AnU that has no exceptional orbits in $'~^(a). By Lemma \7.2\ 
the restriction of $' to the set of exceptional orbits is proper. There- 
fore, after possibly shrinking U further, we may assume that M' has 
no exceptional orbits. 
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By Lemma 18.191 after possibly shrinking U, there is a well-defined 
Duistermaat-Heckman function p^: A fl f/ — ?■ M>o for the restriction of 

to oo, Ka;]), and thus for the restriction of $ to cxd, 

Since M' and (19. 6p differ by a set of measure zero, and since is a 
Duistermaat-Heckman function for a truncation of the model Y^, the 
Duistermaat-Heckman function p' for {M' ,u' ,^') satisfies (19.31) . as re- 
quired. 



We proceed to the second main result of this section: 

Proposition 9.10 (Local existence). Let {S,tt) be a tall skeleton over 
an open subset T G t* , let A G T be a convex Delzant subset that is 
compatible with {S,tt), and let g be a non-negative integer. 

(1) For any a G T there exists a convex open neighbourhood U gT 
of a and a tall complexity one space of genus g over U with 
moment image A fl f/ whose skeleton is isomorphic to S\u- 

(2) Let p: A — > M>o function that is compatible with {S,tt). 
Then for any a E T there exists a convex open neighbourhood 
U G T of a and a tall complexity one space of genus g over U 
with moment image Ar\U, whose skeleton is isomorphic to S\u 
and whose Duistermaat-Heckman function is pIahc/- 

Proof of part (1). Let a be a point in T and fix an arbitrary positive 
number b. By Corollary 12. 6^ the level set 7r~^(a) in 5* is finite. We 
will choose a convex open neighbourhood U G T of a and construct a 
complexity one space (M', u', U) of genus g with moment image An 
U whose skeleton is isomorphic to S\u- Additionally, the Duistermaat- 
Heckman function p' of M' will be smaller than b near a, and will 
satisfy 



where c is a positive real number and where each ps is the Duistermaat- 
Heckman function for a truncation of the model Yg associated to s E S. 

Choose a closed symplectic 2-manifold (S,-?]) of genus g and a posi- 
tive number Ks for each s G 7r~^(a) such that 



Since A is a Delzant subset, there exists a convex open neighbour- 
hood U of a and a Delzant cone C at a such that ACiU = C nU. Let 
{Mq, ujcy ^c) be a toric manifold with moment image C. 



□ 



(9.11) 



p' = c+ P- 




sG7r~i (a) 
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By the Darboux theorem, if e > is sufficiently small, for each x G 
"^(a) we can choose an open set Wg in S and a symplectomorphism 
— )■ Ws] let Xg = ^l/s(0). Furthermore, we may assume that the 
closures of the sets Wg are disjoint. Clearly, for each s G n~^{a), there 
is an isomorphism between 

(9.12) ^c\U) X {D, \ {0}) C Mc X C and 

(9.13) ^c'iU) X {Wg \ {xg}) C Mc X S, 

given by (m, 2;) H- (m, \E's(2;)). 

Let Yg = T C^''^^ X be the tall complexity one model with 
moment map (^g-.Yg — )■ t* corresponding to s G T[~^{a). Let Jg be 
a complementary circle to T in T x j;^^ [S^)^"^^] see Remark 18. 5[ Let 
ifg be a moment map for the resulting circle action, normalized by 
(/?s([A, 0, 0]) = 0. Since (5", tt) and A are compatible, image = C. 
By part (2) of Lemma W7\\. after possibly shrinking U and e, there exists 
an isomorphism between 

(9.14) <^-\U)n^-\{Kg,Kg + t)) C Yg and 

(9.15) $c^(f/) X (D, \ {0}) C McxC 

that intertwines : — ^ 1^ and the map (m, 2;) )■ + vr 

Because the sets fl9.13p and (19.141) are both isomorphic to the same 
set, there exists an isomorphism between them that intertwines the 
map {m,'^ g{z)) ^ Kg + t^\z\'^ and the map ifg. We construct M' by 
gluing together the spaces 

(9.16) <l>^^(f/)x C Mc-xS and 

(9.17) □ ^-\u)n^-\{-^,Kg + t)) (Z [] Yg 

by identifying their isomorphic open subsets (19.131) and (19.141) for every 
s G -K~^{a). 

The space M ' is the union of two closed subspaces: the images in M' 

of 

(9.18) '^c\U) X (^S \ y ^s(A/2)) C Mc X S and 

(9.19) □ $;!([/) nv^;i ((-00, «:, + e/2]) c □ Yg. 

Because each of these is Hausdorff, M' is Hausdorff. 

By construction, M' is a manifold with a T action, a symplectic form 
cj', and a moment map Moreover, as a map to U , the restriction of 
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$0 to f lQ.lSp is proper, and the restriction of each $s to f l9.19p is proper 
by part (3) of Lemma I8.19[ Therefore, $' is proper as a map to U. 

This yields a complexity one space {M',u', U) with moment im- 
age A n U, and an isomorphism from M^^^ onto a neighbourhood of 
7r~^(a) in S. Because vr is proper, after possibly shrinking U further, 
we may assume that the image of M^^^ in S is S\u- Since it is straight- 
forward to check that M' has genus g, it remains to show that the 
Duistermaat-Heckman function p' of M' is smaller than b near a. 

M' can be written as the disjoint union of (19.161) and 

□ n^;i((-oo,«:,]) c □ F.. 

Clearly, the function that takes the constant value c = Jj^r] on C Ci U 
is a Duistermaat-Heckman function for the set fl9.16p . Moreover, by 
Lemma [8. 191 after possibly shrinking U, for each s G n^^la), the func- 
tion p^: A n [/ — 7- M given by Ps(a) = Ks — {(7{a),j) is a Duistermaat- 
Heckman function for the restriction of to ^^^{U) nipJ^{{—oo, Ks]). 
In particular, it is a Duistermaat-Heckman function for a truncation 
of the model Yg. Thus, the Duistermaat-Heckman function p' for M' 
satisfies (19.110 . 

Since Ps(a) = Ks — j) = Kg, "we have chosen the positive num- 

bers rj and Kg so that p' is smaller than b near a. □ 

Proof of part (2). By part (1) there exists a complexity one space (M', uj' , U) 
of genus with moment image Ant/ whose skeleton is isomorphic 
to S\u such that the Duistermaat-Heckman function p' of M' satis- 
fies p'(a) < p(a) and (19. lip . Thus, since p is compatible with (S", vr). 
Corollary 18.231 implies that p — p' is integral affine on a neighbourhood 
of a in A. (Alternatively, this follows from Proposition 19.21 ) Thus, 
since p' < p near a, there exists k > and C, & I d i such that 
p(/3)-p'(/3) = /s:-(/3-a,C). 

The tall complexity one Hamiltonian T-manifold Y = Mc x C with 
moment map $y(m, z) = ^(^(m) is isomorphic to the tall complexity 
one model T (C^ x C) x [)°, where T = (^^)", where ^ {l}'^-'^ x 
(S'^)^, and where f)° = M""*^. So we can apply Lemma 18.191 to it. We 
identify the corresponding torus G = T {3^)'^'^^ with T x S^, and 
we identify [A, 0, 0] with the point (mo, 0) such that ^^^(mo) = a. 

Define J: ^ T x by J(A) = (A'^,A). Let F ^ R be the 
moment map for the resulting circle action, normalized by (/^(mo, 0) = 
0. The T X moment map <I>y : F — )■ t* x M given by <I>y(m, 2;) = 
($(7(^^)5 — (tt;C)) is normalized as in Lemma [8.141 Its moment 
image is $y(F) = C x [— {a,() ,00). Hence, the map a: C — )• t* x 
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M described in Lemma 18.141 is = (/?, — Therefore, by 

Lemma [8.19^ the restriction of $y to (/?^^((— oo, k]) is proper and the 
Duistermaat-Heckman function for this restriction is Pjk(/3) = k — 
(/5-«,C). 

By part (2) of Lemma I9.H there exists a T equivariant symplecto- 
morphism from $y^(^7) fl (p~'^i{K, k + e)) to ^c^{U) x (A \ {0}) that 
carries the map to the map (m, 2;) h-> k + 7r|zp. If we glue this local 
model into M' following the same procedure as explained in the above 
proof of part (1), we get a new complexity one space, which satisfies 
all our requirements. □ 



10. Proof of the existence theorems 

We are now ready to prove the existence theorems that we stated in 
Section [TJ 

Proof of Theorem 0. By part (2) of Proposition 19.101 for each point in 
T there exists a convex open subset U d T containing the point and 
there exists a complexity one space of genus g := genus(S) over U 
whose moment image is Aflt/, whose skeleton is isomorphic to S\jj-, and 
whose Duistermaat-Heckman function is p\u. The result now follows 
from Proposition 16.21 □ 

Proof of Theorem [H This theorem is an immediate consequence of Lemma [731 
Proposition 19. 2[ and Theorem |3l □ 

Proof of Theorem\^ This theorem is an immediate consequence of Lemma llO.ll 
below and Theorem |3l □ 

Lemma 10.1. Let T C t* he an open subset. Let A G T be a convex 
Delzant subset. Let {S, tt) be a skeleton over T . If A and {S, vr) are 
compatible, then there exists a function p : A — t- ]R>o that is compatible 
with {S, vr). 

Proof. By part 1 of Proposition l9.10[ there exists a cover il of T by con- 
vex sets and, for each U E H, a complexity one space (M^, uu, $(7, U) 
whose moment image is f/ fl A and whose skeleton is S\u. Let 

be its Duistermaat-Heckman function. By Proposition 19. 2[ pu is com- 
patible with the moment image A (lU and the skeleton {S\u,7ru). 
Hence, by Definition ll.23[ and Corollary I8.23[ on every intersection 
the difference 

Pu\unv — Pv\unv 
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is locally an integral affine function. Hence this difference is given by 
a locally constant function 

huv- U nV ^ £®R. 

Let A denote the sheaf of locally constant functions to £ © M. Be- 
cause A is convex, the Cech cohomology H^{A,A) is trivial. Hence, 
after possibly passing to a refinement of the cover, there exist locally 
constant functions 

(10.2) hu:U^i®R 

such that hjj — hy = huy on f/fl V. Therefore, we can define p: A — t- M 
p\u = Pu — hu for all f/ G iX, where hu also denotes the integral 
affine function given by fll0.2p . □ 
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